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Abstract. The spectra and wave functions of the 2-dimensional harmonic oscillator in a noncommutative
plane are revised by using the path integral formulation in coordinate space and momentum space, respec-
tively. We perform the path integral formulation in coordinate space first. Then we study this problem in
momentum space. The propagator is computed both in coordinate space and in momentum space. The mod-
ification due to noncommutativity of eigenvalues and eigenfunctions is studied. Both the small and large

noncommutative parameter limits are discussed.

PACS. 11.10.Ef

1 Introduction

In the past few years, noncommutativity has attracted
much attention owing to the development of string the-
ory [1-3]. It is widely believed that the open string’s end
points will be noncommutative in the presence of a back-
ground NS-NS B-field. This shows that the coordinates
of D-branes, which the open strings are attached to, are
noncommutative [4-7]. The fluctuations of the brane are
described by noncommutative field theories. As a result,
there is a considerable number of papers dealing with field
theories on noncommutative space. It has been proven
in [8,9] that some non-trivial phenomena would occur in
perturbative quantum field theories. The non-perturbative
aspect of field theories on noncommutative space has also
been studied extensively since the work of [10].

The one particle sector of noncommutative quantum
field theories, i.e., noncommutative quantum mechanics
(NCQM), has also been studied in various
respects [11-14]. The eigenvalue problem of NCQM is the
focus one [15—18]. In most of the works, the authors map
the noncommutative quantum space to a commutative one
and then use the operator form to study these problems.
However, the problem of operator ordering may arise. The
other form of quantum mechanics, say, the path integral
formulation, especially analyzing eigenvalues and eigen-
functions, has received less attention. The advantage of
the path integral formulation is that all the numbers are
C-numbers so the problem of operator ordering can be
avoided. The present paper is devoted to filling of this gap.
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The key point of the path integral is the construction of
the propagator. Both eigenvalues and wave functions can be
read from it once the propagator is constructed. We shall re-
examine the spectra and wave functions of the noncommu-
tative 2-dimensional harmonic oscillator from the path inte-
gral point of view. Although we only analyze a simple model,
we hope that this paper may give some hints to analogous
problems or serve pedagogical purposes at least. The orga-
nization of our paper is as follows: in Sect. 2 we shall start
from the classical noncommutative 2-dimensional harmonic
oscillator and then map it to the ordinary classical plane.
The propagator is constructed, and then both eigenvalues
and wave functions are obtained. In Sect. 3, we shall per-
form the path integral directly in momentum space. Some
further discussion will be given in Sect. 4.

2 Path integral in coordinate space

The noncommutative quantum plane is defined by

(X X9 =109 | i,j=1,2, (1)
where 0% is the noncommutative parameter, an antisym-
metric tensor of dimension of (length)?. Since we only con-
centrate on the 2-dimensional case in this paper, the non-
commutative parameter % can be chosen as 0% = 0¢¥.
The full algebras of NCQM are characterized by the al-
gebras (1) together with the following commutative rela-
tions [11-14]:

(X', B]=ihs!, [P, B]=0. (2)
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The commutation relations (1) imply that there is an-
other Heisenberg-type relation besides the standard one in
the noncommutative plane,

AX'AX?~0. (3)

It means that one cannot localize a particle’s position ex-
actly. As a result, the wave functions in the noncommuta-
tive coordinate space (X, t) = (X% t[)) lose their exact
meaning. However, one can map the algebras of NCQM,
(1) and (2), to the ordinary ones, which are characterized
by

[#',27] =0, [&p]=ihs],
[Bi, pi] =0, (4)
via the following transformation:

oi _ a1 oo 5
X'=a"—5209p;, Pi=pi. (5)

Accordingly, the Hamiltonian in the noncommutative
space H(X', P;) should be replaced by the Hamiltonian in

ordinary space, H(X', P,) — H (&', p;), with
H(Xl,Pi)ZH(:II —%Gjpj, pi). (6)
After the standard substitutions &' — 2%, p; = - 6‘;, and

H(i',p;) — H(a", 2 L 0.} (the operator ordering prob-
lem may arise at this stage), one can write down the
Schroedinger equation and give the wave functions
¥(xt t) = (2%, t]yp) in the commutative space the standard
explanations. Especially if the potential does not depend

on time explicitly, one can solve the energy function
h 0
H <

i Oz?
and then get the spectra and wave functions.

In this paper, we shall analyze this problem using the
path integral formulation. In this section, we shall perform
the path integral process in commutative space (4). In the
next section, we shall perform the process in the momen-
tum space.

The classical Hamiltonian of the noncommutative 2-di-
mensional harmonic oscillator with mass M and frequency
wo is

)m( ) = By (o), (7)

P2 1
H= o+ oMw oX2, (8)

in which the variables X?, P; satisfy the following classical
Poisson brackets:

{X X7} =07,
{P: P} =0,

{Xian}:(S;a
ij=1,2. 9)

The corresponding quantum version of the above algebras
are nothing but (1) and (2).

The nonvanishing brackets for the variables X* mean
that one cannot define the propagator by (Rp,tp|Ra,ta)
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(in which R = X%, i =1,2) in the noncommutative plane.
Nevertheless, once we map the classical noncommutative
variables X*, P; to the classical commutative ones z*, p;,
which are defined as

{wiaxj}zoa {wiapj}:5;7 {phpj}zoa (10)
using the following substitutions:
I
Xlle—gdjpj» P =pi, (11)

we can define the propagator in the commutative plane as
usual.

In terms of the commutative variables z*, p;, the classi-
cal Hamiltonian (8) is expressed as

1 M*2? .
H= 2M*p12 + 5 xf —wez;p;, (12)
in which
. M
M = — 5 (13)
Ly 20
and
M2w326? 1
2% = (1 - %) Wi, w= 5M*mz . (14)

The canonical quantization procedure is complete, pro-
vided the above canonical variables are replaced by the cor-
responding operators and the classical Poisson brackets are
replaced by quantum brackets, {,} — =[,]. This proced-
ure is just the one that has been used widely. Here we shall
analyze this model using the path integral formulation.

The starting point of the path integral formulation is to
construct the propagator defined by [19, 20]

K(I‘b, tb; Ta, ta) = <I‘b, tb|raa ta>

2 .t
:/HDxiDpi exp{%/ bdt [pia':i—H (xi,pi)]}a
i=1 ta
(15)

where r = 2%, i = 1,2 and H is the Hamiltonian. For our
model, the Hamiltonian has been expressed in terms of
standard canonical variables (12).

Since the integrand is the exponential of a quadratic
form in the variables p;, we can integrate them directly. In-
tegrating with respect to the variables p;, we arrive at

' tb . .
K(rp, tp;ra,ta) N/H’D:r exp{ dtL(xl,d:l)} ,
(16)

where N is a numerical factor and L = L(z%, #') is the La-
grangian corresponding to the Hamiltonian (12),
L(a',i') =

1 1
2M*ZL’2—|-M*LU6 & — §M*w8x2 (17)
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Obviously, the noncommutative parameter 6 acts as a mag-
netic field perpendicular to the z* plane.
Since

H
K(rp,tp;ra,tq) = (rp| exp (—i%

T) ta) (18)

where T = t, —t, and

> In)n|= (19)
in which |n) are eigenstates of the Hamiltonian,
H|n) = E,|n). (20)

Sandwiching (19) into (18), we are lead to
Zexp (—1— ) (rp|n)(n|ry)
=Y ew (7T wnlie).

(21)

K(rbatlnrav

So, one can read both the eigenvalues and wave functions
from the propagator, once it is constructed.

There are many methods to calculate the propaga-
tor (16). We sketch only one of them.

Let xil be the classical path between the two specified
end points (t4,r,) and (¢, rp). This is the path which is an
extremum for the action S = [,* dtL.

We represent z* in terms of z?; and the deviations dz*:

ot =xl + ozt (22)
In fact, z, are the solutions of the classical equations
of motion, which are obtained by minimizing the
Lagrangian (17):

—2M*we il 4+ M* Wizl =0, (23)
with the ‘boundary’ conditions

t=tgy, zt = xz ,

t=t,, z'=ux. (24)

It is straightforward to get the solutions of the equa-
tions of motion (23) with the boundary conditions (24).
After some calculations, we get
iwT

2o = e Wit—ta) [za cos 2(t —tq) + Z,b sin 2(t — tq)
s

in 2T

—zgcot 2T sin 2(t —t,)| ,

Zo =@t |z cos (t—t )+Zbe iy Qt —t,)
Zao=e Zq COS a Sn 0T sin a
—Zgcot 2T sin 2(t —t,)| , (25)
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where z = 2! +ix?, z = 2! —ix?. Also, 2, = z} +iz2, 2, =
xl —iz? as we have for 2z, and Z,.

a
Denote S, as the action along the classical trajectory,

ty
SCI:/ dtL( Lepy L cl)
ta

b 1 * + 12 * 1
= dt M*z3+ M wejxclx

ta

1 * )
2M (2) C%

(26)

Taking account of the classical equations of motion, we
can write the classical action as

1.
S = M(z5+2%) H (27)

The explicit expression for the classical action can be ob-
tained by substituting (25) into (27),

M2 = —iw
Se1 = - 28in 02T [(zazbe !

— o8 2T (2420 + 26%p)] -

+ EaszIWT)

(28)

Substituting (22) into (17), we can write the propagator
as
K(rp, ty;re,ta) = Neh Sl F(tg, ty) (29)
where S; has been given in (28), and F(t,, ) is the pref-
actor (or quantum fluctuation).
Since initial and final points are fixed at r,, r; respec-
tively, the deviations vanish at the end points:
61 (ty) = 02 (tp) =0,

i=1,2. (30)

So the prefactor F(t,,t,) can be written as

02 , i [t o
F(ta,tb):/ HD((S:L‘Z)GXP [% dtL(ch’,éw")} .
0 =1

ta

(31)
Furthermore, since the Lagrangian (17) is invariant under
time translation, the prefactor only depends on the time

difference T = t, —t,. As a result, the prefactor can be
written as

Ftq,ty) = T)
/ HD(axi) exp{%/jb dtL(axi,aaei)} ,
- ' (32
in which
L(0x%,02%) = ~ M*(6:i;)2 + M*we 2,0

1
- §M*w(2)(5:r¢)2 .
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Integrating by parts and noticing the boundary condi-
tions for the deviation dz* in (30), we can write the prefac-
tor (32) as

/ dtoz’ A” 5$J}

(34)
where A;; is an operator defined by
d? d
Ajj = —0;; (d 5 +wp) + 2weij— T (35)

Obviously, the integrand is an exponential of the quadratic
form (Gaussian type), and we can integrate it as follows:

F(T) ~ [det A;j] 2
o (n?r?\
I (7)
Since the first product does not depend on {2, we collect

it and other factors into a single constant. As for the second
factor, we use the well-known formula

1 o -1

2272
[[t-Tme| - @
n=1

sinz ==z H ( n27r2) . (37)
So the prefactor F(T') is expressed as
0T
FT)=0C——F-=
(T) OSil’l 0T’ (38)

where C' is a constant that is independent of {2. It can be
uniquely determined by noticing that the integral is a 2-
dimensional harmonic oscillator when w — 0 or a charged
particle moving in a plane with a constant perpendicular
magnetic field in the symmetric gauge when wy — 0. The
final result is

M*(2
2mih sin 2T
{ iM*(2
X exp ] —

2h sin 2T [ (
— o8 2T (2aZa + 202 } , (39)

K(I‘b,tb;l‘a,ta) =

24zpe T —|—c.c.)

in which c.c. means the complex conjugate.

The eigenvalues and wave functions can be read from
the above formula (an analogous process can be found
in [21]; here we only list the result). They are

B |m|  mw
Eppom = 2102 <n +3t+t 5~ 30 (40)
n-=0,1,2,---, m=0,+1,£2,---
and
1 im6
wnT,m(r) = Rnr,m(r)e ’ (41)

\V2rr
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in which Ry, m(r) is the radial wave function

1
IM* 2\ 2 n,.! M*Q
R”“’”‘”( h ) <nr+|m|>!e"p< 2h )

M*0 5 |m|/2 im| M*0 )
X (TT > Lnr TT

and L‘,«Ln:l is for the Laguerre polynomials.

3 Path integral in momentum space

In the above section, we studied the noncommutative
2-dimensional harmonic oscillator by employing the path
integral formulation. Because of the noncommutativity of
the coordinates in noncommutative space, we cannot de-
fine the propagator in the noncommutative space directly.
However, we notice that the commutators among the mo-
menta are commutative. As a result, the wave functions
in the momentum space ¢(P,t) = (P, t|¢) still have their
exact meanings. So it is possible to calculate the propaga-
tor in momentum space and then read both the eigenvalues

and wave functions from it.
According to the definition [19-21], the propagator in
momentum space is defined by
K(Pba tp; Py, ta) =

<Pbatb|Pa7ta> . (43)

Considering (19), we can rewrite the propagator (43) as
H
K(Py, ty; Pa,ta) = (Py| exp —iT [Pa)

=Y e (<527 Py Pa).
" (4)

One can, of course, read both eigenvalues and wave func-
tions in momentum space from it once it is determined.

We go on in the standard way writing the propagator
(44) in the form [21]

K(Py,ty; Pa, ts) /HDX DP; exp [hs ] , (45)

=1

where S, = t’;” dtL, is the action in the phase space
(which is spanned by the variables X* and their canonical
conjugate momenta P;) we shall construct.

There are two principles one must notice when the La-
grangian L, is constructed. One is that the Lagrangian
should lead to the commutator (1) and (2); the other is
that it should be consistent with the Hamiltonian (8). It
can be verified by employing Faddeev—Jackiw theory [22]
that the following first-order Lagrangian satisfies the above
principles:

L, =

. 1 ...
(P Xi XlPi) +30IPE—H,  (46)

1
2
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where H is the Hamiltonian that has been given in (8).
The explicit expression of the action Sy, is

tp
sz/ dtL,
ta

1 . . 1 .. .
:/ dt3 (PiXZ—XZPi)+§Ge”P¢Pj—H.
ta
(47)

Integrating by parts and dropping the surface term, we can
rewrite the above action as

tp L1 .
S, = / At X'Pit S0OPE—H . (49)
ta

Since the integrand (45) is an exponential of a quadratic
form in the variables X*, we integrate them directly. The
result is

K(Pbytb;Paata)
2 i ty )
:N/E’DHexp [ﬁ/t dth(B,B)] . (49)

where N is a numerical factor and L,,(P;, Pl) is the La-
grangian in momentum space,

1

L= 5z\/./ng?) :

(50)

where the parameter w has been introduced in (14).

The Lagrangian (50) is dual to the one that describes
a charged harmonic oscillator moving in a plane with a per-
pendicular constant magnetic field in coordinate space.
Clearly, the noncommutative parameter 6 serves again as
a magnetic field.

We can follow the same scheme to calculate the prop-
agator in the momentum space corresponding to the La-
grangian (50). Here we only list the result:

K(PbatbQ Pavta)
2mh{? if2 B —i
__ 4mhdi 2 [(P,Be“Tqc.
iMw? sin 2T =P { 2M w3 sin 2T [(PaPre +e)
— cos QT(PaPa—FPbe)]} , (51

where P, = P} + P2, etc. {2 has been given in (14).

From the above propagator, one can read both eigenval-
ues and wave functions from it.

The expression of the eigenvalues is

1 |m| mw
By =200 (ny 4 = 4+ )
" <”+2+2 29)
nT=0,1,2,-", mzoailvi2v'“7 (52)

which coincide with the ones obtained in the coordinate
path integral formulation (40). The expression for the wave
functions is

1
(pn'mm (P) = \/ﬁ

Rp,.m(P)ei™ (53)
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in which P = |P| and R,,. ., (P) are radial wave functions
in momentum space,

[

202 \?
Mhw?

n,!
(nr +[m|)!

Rp,..m(P)=VP (

np2? np2? |ml/2
exp <_ 2thg> (th(%)
[ QP2

4 Conclusions and remarks

In the previous sections, we get the eigenvalues and wave
functions of the 2-dimensional harmonic oscillator from the
propagators (39) and (51) both in coordinate space and
momentum space, respectively.

For the former, because of the noncommutative rela-
tions among the coordinates (1), the wave functions in
noncommutative space lose their exact meaning. As a re-
sult, one cannot define the propagator in noncommutative
coordinate space directly. In order to employ the path in-
tegral formulation, we map the noncommutative plane to
the commutative one and then calculate the propagator in
this commutative plane. Since the integrand is an exponen-
tial of a Gaussian form in the momenta, we integrate them
and get the Lagrangian (17). This Lagrangian is analogous
to the one that describes a charged harmonic oscillator
moving in a plane with a uniform perpendicular magnetic
field. We find that one of the most important effects of the
noncommutative parameter 6 is that it serves as a perpen-
dicular magnetic field.

For the latter, since the momenta are commutative, the
wave functions in momentum space still have meaning. We
can perform the path integral formulation directly in the
momentum space. And since the integrand is a Gaussian
form in the coordinate, we can integrate them and get
the Lagrangian (50) in momentum space. This Lagrangian
is dual to the one that describes a charged harmonic os-
cillator moving in a plane with a perpendicular constant
magnetic field in coordinate space. Interestingly, the non-
commutative parameter also serves as the perpendicular
magnetic field.

We are interested in the behaviors of the eigenvalues
and wave functions when the noncommutative parameter 6
takes certain limits. First, let us consider the limit of § — 0.

Notice that
(55)

limw=0, lim2=uwy.
6—0 6—0

It means that when the noncommutative parameter 6 takes
its zero limit, the spectra will converge smoothly to

1
En, m = 2huwy <n ++ M) (56)

2 2

ny=0,1,2,---, m=0,41,42 -
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It is the spectrum of a 2-dimensional harmonic oscillator
in the commutative plane. The corresponding radial wave
functions in this limit can also be obtained. They are

n,!

1
_ 2Mw0 2 MLU() 2
o) =7 (220) 7 [ (-2

Im|/2
y (th()rg) Ll (thor2) ,

in coordinate space and

(57)

n,!

, 9 \? P2
R D

2 |ml/2 2
X Ll riml P
M hwg "\ Mhwg )’

in momentum space, respectively.

Then, we consider the large 6 limit. In [15-17] the
authors find a perturbative expansion of the energy level
for NCQM with a central potential. In our model, we can
find the exact expression.

In coordinate space, the following expressions are valid
if the noncommutative parameter is large:

(58)

* 4 1 2
These mean that the spectra are
E o (o 2L L (60)
nr,m — T 2 2 2

The same expression for the energy levels can be found in
momentum space in the large 6 limit.

In fact, (60) is analogous to Landau levels with 6 acting
as a constant perpendicular magnetic field. Obviously, only
the lowest level is possible in this limit.
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